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In this paper, the form of the indirect interaction between local impurities in flakes and in 
graphene ring is analytically investigated. We calculate this characteristic in the framework of 
the tight-binding model for a finite nanocarbon system with periodic boundary conditions. A 
pronounced dependence of the bond value on the impurity position inside the graphene sample is 
found, which is due to quantum size effects. The influence of the flake size on the value of the 
indirect interaction constant is also studied. 
 
Introduction 
Since the discovery of graphene, interest in it and in the similar materials is constantly growing 
[1, 2]. This fact can be explained with the unique set of properties inherent in these materials. 
Thus, they can be used in many practical applications [3, 4]. Graphene samples used in modern 
experiments are obtained by micro-mechanical chipping from the surface of graphite. Such 
samples are called flakes. Note that such method of the production reduces the cost of the 
material. We also investigate graphene nanoribbons, interest in which has increased in recent 
years [5-7], for example, nanoribbons in the form of an “onion ring” [8]. Quantization along a 
circle (due to the requirement for the wave function periodicity) leads to the formation of a gap 
in the spectrum, which makes it possible to use these materials to create diodes, transistors, and 
other devices. The influence of impurities on the tunnel characteristics of the carbon structures 
contacts (nanoribbon, flake) is studied in [9-11]. It is shown that, within the framework of the 
proposed approach, the system is able to detect the presence of both impurities and defects in it. 
But, one does not consider another important problem related to the use of graphene and 
its derivatives in spintronics, which makes it necessary to study their magnetic properties. In 
particular, the interactions between the magnetic moments introduced into the graphene lattice 
are of a great interest to researchers. One of the known mechanisms for the magnetic moments 
interaction is the Ruderman-Kittel-Kasuya-Yoshida (RKKI) mechanism [12-14], which is 
indirectly mediated by charge carriers. In [15-17] the RKKY interaction is studied within the 
framework of the long-wave approximation. It is shown, that the indirect interaction decreases to 
zero as the distance between impurity atoms increases. According these facts, the problem of 
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investigating the exchange interaction without using the long-wave approximation in impurity 
flakes and rings is important and actual from a practical point of view. 
 
Statement of the problem 
 We consider flakes of three sizes and a nanoring. The geometry is presented in Fig.1. 
 
Fig.1. Geometry of the problem. 
 
The flake electronic structure is modeled using a tight-binding Hamiltonian for pz 
electrons, supplemented with a Kondo impurity term [18]: 
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here γ is the energy of the electron transfer along the interatomic bond, <i,j> notes summation 
over nearest neighbours in the lattice, J is the contact potential, which describes the coupling 
between impurity spins and the electron spins at the same sites a and b, σ=↑,↓ is the electron 
spin, 0 5z za bS , S .  are the impurity spins.  
An example of filling the matrix form of the Hamiltonian is presented below for 4 atoms: 
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 (2) 
here μ is the chemical potential, the matrix elements H11 (when σ=↑), in which the value 
4
J   
is found correspond to those sites with impurity. Similarly, the matrix Н22 (σ=↓) is filled. 
Further, by direct diagonalization of the Hamiltonian, an effective value of the indirect 
interaction Jeff is obtained. 
The dependence of the effective indirect interaction on the ration J/γ is shown in Fig. 2. 
 
Fig.2. Dependence of the effective indirect interaction Jeff (1 r.u.=0.1 eV) on the J/γ for 
the flake with size Nf (impurities are located above the lattice site, μ=0.1 eV): a) Nf=4; b) Nf=5; 
c) Nf=6. 
 
It can be seen from Fig.2, the flake size has a great influence on the effective indirect 
interaction, despite of the equal distance between the impurity atoms. In this case, all three lines 
are parallel to each other, which indicates directly proportional relationship between the flake 
size Nf and the magnitude of the indirect interaction.  
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Fig.3. Dependence of the effective indirect interaction Jeff ( 1 r.u.=0.1 eV) on the J/γ for 
the flake with size Nf (impurities are located above the hexagon center, μ=0.1 eV): a) Nf=4; b) 
Nf=5; c) Nf=6. 
 
We observe a similar behavior to that shown in Figure 2. Thus, the nature of the 
dependence of the indirect interaction on the value of J/γ does not change, regardless of where 
the impurity atoms are located (above the hexagon or above a specific site). 
The case corresponds to the “onion ring” is presented in Fig.4. 
 
Fig.4. Dependence of the effective indirect interaction Jeff (1 r.u.=0.1 eV) on the J/γ for 
the nanoring μ=0.1 eV): a) impurities are located above the lattice site; b) impurities are located 
above the hexagon center. 
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For the nanoring the constant of the indirect interaction decreases monotonically with 
increasing ratio J/γ. But in this case, the parallelism is not preserved for different positions of the 
impurity. It should be noted that here we are not talking about the distance between impurity 
atoms, but only about the place of adsorption of an impurity (site or hexagon). 
The dependence of Jeff on the chemical potential is shown in Fig.5. 
 
Fig.5. Dependence of the effective indirect interaction Jeff (1 r.u.=1 eV) on the μ (1 r.u.=1 
eV) for the flake with Nf=6 (impurities are located above the lattice site, J/γ=0.1). 
 
When the chemical potential increases, the indirect interaction increases too. This fact 
associated with a change in the carrier concentration, since the magnitude of the chemical 
potential is precisely related to concentration. 
The main results of this work may be summarized as follows: 
1. We propose a method for calculating the indirect interaction constant for 
graphene nanoribbons by direct diagonalization of the electronic system 
Hamiltonian. 
2. It is shown that the chemical potential of the system has the greatest influence on 
the magnitude of the indirect interaction. 
3. We obtain that the magnitude of the indirect interaction does not depend on the 
distance between impurity atoms, but is determined only by the flake size. 
4. In the case of nanoring, the constant Jeff depends essentially on the adsorption 
place of the impurity (on the graphene ribbon atom or inside the hexagon). 
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